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I. INTRODUCTION
The 4-dimensional oscillator group was named so
by Streater26, because its Lie algebra is associated to
the harmonic oscillator problem. This is the lowest-
dimensional member of a family of Lie groups called the
oscillator groups (see for instance Medina and Revoy20,
Bromberg and Medina4, and Ref.15) but we restrict our-
selves in the present paper to the 4-dimensional one and
denote it by Os.
This group has many properties useful both in geom-
etry and physics. To mention but two geometrical ap-
plications, Medina19 proved that Os is the only four-
dimensional non-Abelian simply-connected solvable Lie
group which admits a bi-invariant Lorentzian metric; and
Console, Ovando and Subils7 obtain solvable models for
Kodaira surfaces by using suitable lattices on the oscil-
lator group. We also recall four physical applications:
Firstly, Nappi and Witten23 showed that it is an example
of homogeneous 4-dimensional spacetime (called in the
literature Nappi-Witten group or space) that substitutes
for 4-dimensional Minkowski space from an ungauged
WZW model, and it is viewed as a four-dimensional
monochromatic plane wave. Secondly, Bromberg and
Medina3 proved that with a suitable left-invariant metric
(which coincides with the bi-invariant metric g0 that we
consider in this paper), it becomes a spacetime with sin-
gularities in the sense of Hawking and Penrose. Thirdly,
it furnishes exact solutions of the Einstein-Yang-Mills
equations (Levichev17, see also Ref.8). Finally, Boucetta
and Medina2 have proved that it provides solutions of
the classical Yang-Baxter equations.
a)batatwafa@yahoo.fr
b)pmgadea@iff.csic.es
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On the other hand, as is well known, E´. Cartan6 char-
acterised locally symmetric spaces as those Riemannian
manifolds (M, g) with parallel curvature tensor, ∇R = 0,
where ∇ denotes the Levi-Civita connection of g. This
characterisation was extended by Ambrose and Singer1 to
homogeneous Riemannian spaces, as those Riemannian
manifolds admitting a homogeneous Riemannian struc-
ture S, that is, a (1, 2) tensor field satisfying the usu-
ally called Ambrose-Singer equations (see Eqs. (3) be-
low). This was extended to the pseudo-Riemannian case
in Ref.13. In the present paper we apply some results on
homogeneous (Lorentzian) structures to solve the prob-
lem under study.
The aim of this paper is to give another physical
application: To know when a homogeneous presenta-
tion of Os is a homogeneous Lorentzian space all of
whose null-geodesics are homogeneous, so being (see Re-
mark III.4 below) a candidate for constructing solu-
tions in 11-dimensional supergravity that preserve more
than 24 of the available 32 supersymmetries. Accord-
ing to Figueroa-O’Farrill, Meessen and Philip11,12 and
Meessen22, this general fact follows because all Penrose
limits (which are known to preserve the amount of su-
persymmetry), of such a solution must preserve homo-
geneity, and this is ensured if all the null-geodesics are
homogeneous (Philip25).
To this end we find the homogeneous geodesics for each
of the usual homogeneous descriptions of the Lie group
Os endowed with the left-invariant Lorentzian metrics
gε, −1 < ε < 1, (see §II C) and so determine in which
cases (Os, gε) is (see Definition II.2 below) a Lorentzian
geodesic orbit space, so in particular a Lorentzian null-
geodesic orbit space, and which are then the correspond-
ing geometric types of homogeneous Lorentzian struc-
tures.
As for the contents, in §II we give some preliminar-
ies. In §III we prove Theorems III.1 and III.2, obtain-
ing all the geodesic vectors of the different homogeneous
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descriptions of the Lorentzian Lie groups (Os, gε) deter-
mined by their homogeneous Lorentzian structures, and
in Theorem III.3 we give the homogeneous descriptions
(in terms of the homogeneous Lorentzian structures) with
which Os is a Lorentzian geodesic orbit space, showing
that it is never a null-geodesic orbit space which is not
a geodesic orbit space. Then we give Corollary III.6, ex-
hibiting the corresponding geometric types.
II. PRELIMINARIES
A. Homogeneous geodesics
We now recall some definitions on homogeneous
geodesics.
Let (M = G/H, g) be a reductive homogeneous
pseudo-Riemannian space with reductive decomposition
g = h + m (direct sum), where g and h denote the Lie
algebras of G and H and m stands for the correspond-
ing Ad(H)-invariant complement to h. Let o ∈ M be
a fixed point. A nontrivial geodesic γ in M = G/H is
said to be a homogeneous geodesic if it is the orbit of a
one-parameter subgroup of G. By homogeneity one can
suppose that the geodesics pass through the base point
o. Such homogeneous geodesics can always be reparam-
eterised so that they are given by
γ(t) = exp(tW ) · o, (1)
for some vector W ∈ g = h + m such that Wm 6= 0,
where the subscript m denotes projection on m, and such
a vector W is called a geodesic vector. If γ ′ has nonzero
norm, this is equivalent to the condition ∇γ ′γ ′ = 0,
where ∇ stands for the Levi-Civita connection, but for
null geodesics, this condition can be relaxed to ∇γ ′γ ′ =
f(γ)γ ′, for certain function f(γ). It follows from the
usual Koszul formula for the Levi-Civita connection that
a vector W ∈ g such that Wm 6= 0 is geodesic if and only
if
〈[W,Z]m,Wm〉 = k〈Wm, Z〉, (2)
for all Z ∈ m and some k ∈ R depending on Wm, 〈 , 〉
being the scalar product on m defined by the pseudo-
Riemannian metric g under the usual identification m ≡
ToM .
Remark II.1. If a geodesic is homogeneous with respect
to a homogeneous description M = G/H then it is not
necessarily homogeneous with respect to other possible
description of M as a reductive homogeneous pseudo-
Riemannian space (see Ref.10).
According to Defs. 16 and 37 in Dusˇek9 (see also Def.
1 in Meessen22), and denoting by I0(M, g) the identity
component of the full isometry group of a Riemannian
manifold (M, g), we have the next definition.
Definition II.2. A reductive homogeneous pseudo-
Riemannian space (M = G/H, g), with a fixed reductive
decomposition g = h+m, is said to be a g.o. space if each
nontrivial geodesic γ in M = G/H is homogeneous (that
is, γ is of the form (1) with W ∈ g satisfying (2)), and
a n.g.o. space if all its null-geodesics are homogeneous
(in both cases, g.o. means as usual “geodesic orbit”).
A homogeneous pseudo-Riemannian manifold (M, g) is
called a g.o. manifold if M = G/H is a g.o. space for
G = I0(M, g).
B. Homogeneous pseudo-Riemannian structures
Let (M, g) be a connected pseudo-Riemannian mani-
fold of dimension n and signature (s, n−s). Let ∇ be the
Levi-Civita connection of g and R the curvature tensor
field. A homogeneous pseudo-Riemannian structure on
(M, g) is a tensor field S of type (1, 2) on M such that
the connection ∇˜ = ∇ − S satisfies the Ambrose-Singer
Eqs.
∇˜g = 0, ∇˜R = 0, ∇˜S = 0. (3)
If g is a Lorentzian metric (that is, s = 1), we say
that S is a homogeneous Lorentzian structure. If (M, g)
is connected, simply-connected and geodesically com-
plete, then (cf. Ref.13) it admits a homogeneous pseudo-
Riemannian structure if and only if it is a reductive ho-
mogeneous pseudo-Riemannian manifold.
A homogeneous pseudo-Riemannian structure S on a
connected, simply-connected and geodesically complete
pseudo-Riemannian manifold (M, g) defines a reductive
decomposition of a certain homogeneous description of
M in the following way. We fix a point o ∈ M and
consider m = To(M). The holonomy algebra h of ∇˜ is
the Lie subalgebra of the Lie algebra of skew-symmetric
endomorphisms of (m, 〈 , 〉) generated by the curvature
operators R˜ZZ′ of the connection ∇˜ = ∇ − S, where
Z,Z ′ ∈ m. Then (Nomizu24, see also Refs.1,27) a Lie
bracket is defined in the vector space direct sum g = h+m
by
[U, V ] = UV − V U,
[U,Z] = U(Z), (4)
[Z,Z ′] = R˜ZZ′ + SZZ ′ − SZ′Z,
for all U, V ∈ h, Z,Z ′ ∈ m. The connected simply-
connected Lie group G′ generated by g acts transitively
on M via isometries and M ≡ G′/H ′, where H ′ is the
connected Lie subgroup of G′ generated by h. The set Γ
of elements of G′ which act trivially on M is a discrete
normal subgroup of G′ contained in H ′, and if we set
G = G′/Γ and H = H ′/Γ, then G/H is a homogeneous
presentation of M such that the Lie group G acts tran-
sitively and effectively on M as a group of isometries,
with isotropy subgroup H. Then g = h + m is said to
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be the reductive decomposition associated to the homo-
geneous pseudo-Riemannian structure S, and ∇˜ is called
the canonical connection of this reductive decomposition.
If W in equation (2) belongs to m, then the geodesic γ
given by (1) is called a canonically homogeneous geodesic,
since then it is also a geodesic for the canonical connec-
tion.
There are some pseudo-Riemannian manifolds all of
whose geodesics are homogeneous, as naturally reductive
pseudo-Riemannian spaces and in particular pseudo-Rie-
mannian symmetric spaces; actually, for such spaces ev-
ery geodesic is canonically homogeneous, with respect to
naturally reductive and symmetric decompositions, re-
spectively (see Ch. 10 §3 and Ch. 11 §3 in Ref.16).
We consider now a real vector space V endowed with
a scalar product 〈 , 〉 of signature (s, n− s), which is the
model for each tangent space TpM , p ∈ M , of a (re-
ductive homogeneous) pseudo-Riemannian manifold of
signature (s, n − s). Consider the vector space S(V )
of tensors of type (0, 3) on (V, 〈 , 〉) satisfying the same
symmetries as a homogeneous pseudo-Riemannian struc-
ture S, that is, as it easily follows from the the first
Ambrose-Singer Eq. in (3), S(V ) = {S ∈ ⊗3V ∗ :
SXY Z = −SXZY , X, Y, Z ∈ V }, where SXY Z =
〈SXY,Z〉. The scalar product on V induces in a nat-
ural way a scalar product on S(V ), given by 〈S, S ′〉 =∑n
i,j,k=1 εiεjεk SeiejekS
′
eiejek
, where {ei} is an orthonor-
mal basis of V , that is, 〈ei, ei〉 = εi, with εi = −1 if
1 ≤ i ≤ s and εi = 1 if s+1 ≤ i ≤ n. Let c12 : S(V )→ V ∗
be the map defined by
c12(S)(Z) =
∑n
i=1 εiSeieiZ , Z ∈ V. (5)
The decomposition of the space S(V ) into invariant and
irreducible subspaces under the action of the pseudo-
orthogonal group O(s, n − s) defined by (aS)XY Z =
Sa−1X a−1Y a−1Z , a ∈ O(s, n − s), is given, denoting by
SXY ZSXY Z the cyclic sum of SXY Z with respect to
X,Y, Z, by
Theorem II.3. (14) If dimV ≥ 3, the space S(V )
decomposes into the orthogonal direct sum of subspaces
which are invariant and irreducible under the action of
O(s, n− s), as
S(V ) = S1(V )⊕ S2(V )⊕ S3(V ),
where
S1(V ) = {S ∈ S(V ) : SXY Z = 〈X,Y 〉θ(Z)
− 〈X,Z〉θ(Y ), θ ∈ V ∗ },
S2(V ) =
{
S ∈ S(V ) : SXY ZSXY Z = 0, c12(S) = 0
}
,
S3(V ) = {S ∈ S(V ) : SXY Z + SY XZ = 0 }.
If dimV = 2 then S(V ) = S1(V ).
It is then immediate that
S2(V )⊕ S3(V ) = {S ∈ S(V ) : c12(S) = 0 }.
C. Homogeneous Lorentzian structures on the oscillator
group
We now recall some definitions, and results on the ho-
mogeneous Lorentzian structures, on the oscillator group.
The 4-dimensional oscillator group Os is the con-
nected simply-connected Lie group with Lie algebra os =
〈 {P,X, Y,Q} 〉 having (Streater26) nonzero brackets
[X,Y ] = P, [Q,X] = Y, [Q,Y ] = −X.
It will be endowed with a left-invariant Lorentzian metric
gε, with −1 < ε < 1, having nonzero scalar products
〈 , 〉ε on os of the elements P,X, Y,Q, given by
〈P, P 〉ε = 〈Q,Q 〉ε = ε,
〈P,Q 〉ε = 〈X,X 〉ε = 〈Y, Y 〉ε = 1.
If ε = 0, the corresponding Lorentzian metric g0 is also
right-invariant. If ε 6= 0, the metric gε is not bi-invariant.
We shall denote by { η, α, β, ξ } the basis of differential
1-forms dual to {P,X, Y,Q }. We have
Theorem II.4. (8) The homogeneous Lorentzian struc-
tures on (Os, g0) are the following:
(i) S(x,y,z,w) =
(
xη + xyα+ xzβ +
(
w + 12
)
ξ
)⊗ (α ∧ β)− (xzη + xyzα+ (xz2 + 12)β + zwξ)⊗ (α ∧ ξ)
+
(
xyη +
(
xy2 + 12
)
α+ xyzβ + ywξ
)⊗ (β ∧ ξ), x, y, z, w ∈ R, x 6= 0;
(ii) S(q,c) =
1
2ξ ⊗ (α ∧ β)− 12β ⊗ (α ∧ ξ) + (qα+ c ξ)⊗ (β ∧ ξ), q, c ∈ R, q 6= 12 ;
(iii) S(b,c) =
1
2ξ ⊗ (α ∧ β) +
(
b ξ − 12β
)⊗ (α ∧ ξ) + ( 12α+ c ξ)⊗ (β ∧ ξ), b, c ∈ R;
(iv) S(h,t,b) =
1
2ξ ⊗ (α ∧ β) +
(
hα+
(
t− 12
)
β + b ξ
)⊗ (α ∧ ξ) + (( 12 − h2t )α− hβ − hbt ξ)⊗ (β ∧ ξ),
h, t, b ∈ R, t 6= 0;
(v) S(a,b,c) = aξ ⊗ (α ∧ β) +
(
b ξ − 12β
)⊗ (α ∧ ξ) + ( 12α+ c ξ)⊗ (β ∧ ξ), a, b, c ∈ R, a 6= 12 ;
(vi) Sa = a(ξ ⊗ (α ∧ β)− β ⊗ (α ∧ ξ) + α⊗ (β ∧ ξ)), a ∈ R, a 6= 12 .
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As for (Os, gε), we have
Theorem II.5. (15) The homogeneous Lorentzian struc-
tures on (Os, gε), with −1 < ε < 1, ε 6= 0, are given by
S(a,b) =
ε
2
β ⊗ (η ∧ α)− ε
2
α⊗ (η ∧ β)− 1
2
β ⊗ (α ∧ ξ)
+
1
2
α⊗ (β ∧ ξ) + (aη + bξ)⊗ (α ∧ β), a, b ∈ R.
III. THE OSCILLATOR GROUP AS A LORENTZIAN
GEODESIC ORBIT SPACE
The oscillator group Os is a connected and simply
connected manifold, and every Lorentzian metric gε,
−1 < ε < 1, is geodesically complete (see Refs.17,18).
Then every homogeneous Lorentzian structure S on
(Os, gε) has an associated reductive decomposition g =
h + m, with m = T0(Os) ≡ os, and a corresponding ho-
mogeneous presentation G/H, where G ⊆ I0(Os, gε) acts
transitively on Os.
In order to know when the oscillator group, with each
one of the homogeneous presentations so determined, is
a Lorentzian g.o. space, we now find the homogeneous
geodesics for the reductive decompositions associated to
the homogeneous Lorentzian structures recalled in The-
orems II.4 and II.5 above. As is well known (cf. for in-
stance Ref.5, p. 315) and we recalled in Subsection II A,
this amounts to find, for each reductive decomposition
g = h + m, the geodesic vectors, that is, the vectors
W ∈ g having nonzero projection to m and satisfying
equation (2).
We have
Theorem III.1. For each homogeneous Lorentzian
structure S on the oscillator group (Os, g0) given in The-
orem II.4, let g = h + m be the reductive decomposition
associated to S and let G/H be the corrresponding ho-
mogeneous presentation of Os, G ⊆ I0(Os, g0). The set
of geodesic vectors through the origin o ∈ Os = G/H is
given in Table I, where the first column indicates the case
of Theorem II.4 to which each homogeneous Lorentzian
structure S on (Os, g0) corresponds (and where both cases
(i) and (vi) are broken into two subcases according to
the dimension of the holonomy algebra h of the canoni-
cal connection ∇˜ = ∇ − S). Furthermore, all geodesics
are canonically homogeneous only for the cases iii (for
(b, c) = (0, 0)) and vi.
TABLE I. Geodesic vectorsW ∈ g = h+m of (Os = G/H, g0),
m = 〈 {P,X, Y,Q} 〉
S dim h Geodesic vectors
i1
S(x,y,z,w), x 6=0
(y,z,w)6=(0,0,0)
1
W =
(
λ1x+ λ2xy + λ3xz + λ4w
)
U + λ1P + λ2X + λ3Y + λ4Q
W = µU + λ1P + λ4
(
yX + zY +Q
)
i2 S(x,0,0,0), x 6=0 0
W = λ2X + λ3Y + λ4Q
W = λ1P + λ4Q
ii S(q,c), q 6= 12 1
W = µU + λ1P + λ2X
W =
((
1
2
− q)λ2 − cλ4)U + λ1P + λ2X + λ3Y + λ4Q
iii S(b,c) 0
W = λ1P + λ2X + λ3Y if (b, c) 6= (0, 0)
W = λ1P + λ2X + λ3Y + λ4Q, if (b, c) = (0, 0)
iv S(h,t,b), t6=0 1
W = µU + λ1P + (λ3h/t)X + λ3Y
W = t−1(λ2h+ λ3t+ λ4b)U + λ1P + λ2X + λ3Y + λ4Q
v S(a,b,c), a6= 12 0
W = λ1P + λ2X + λ3Y
W = λ1P + λ4
(
a− 1
2
)−1
(cX − bY ) + λ4Q
vi1 Sa, a 6=± 12 2
W = λ1P + λ2X + λ3Y + λ4Q
W = µU + νV + λ1P + λ2X + λ3Y, with µλ2 + νλ3 = 0
vi2 S− 1
2
0 W = λ1P + λ2X + λ3Y + λ4Q
Proof. Equations (4) give the Lie brackets of each possi- ble reductive decomposition for the manifold (Os, g0) de-
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fined by the homogeneous Lorentzian structures in each
case of Theorem II.4 (cf. Ref.8, §3). Then, we have
the following possibilities, where each h is the holon-
omy algebra, generated by the curvature operators R˜ZZ′
(Z,Z ′ ∈ m ≡ os) of the connection ∇˜ = ∇−S associated
to each homogeneous Lorentzian structure S.
Case i (x, y, z, w ∈ R, x 6= 0). The holonomy algebra
h is generated by U ∈ End(m) such that R˜XY = wU ,
R˜QX = xzU , R˜QY = −xyU . We consider two subcases.
Subcase i1. If y, z, w are not all null, the reductive de-
composition associated to the structure S(x,y,z,w) is given
by g(x,y,z,w) = h+m = 〈 {U,P,X, Y,Q} 〉, with not always
null brackets
[U,X] = zP − Y, [U, Y ] = −yP +X,
[U,Q] = −zX + yY, [P,X] = −xzP + xY,
[P, Y ] = xyP − xX, [P,Q] = xzX − xyY,
[X,Y ] = wU +
(
x(y2 + z2) + 1
)
P − xyX − xzY,
[X,Q] = −xzU + zwP + xyzX − (w + xy2 + 1)Y,
[Y,Q] = xyU − ywP + (w + xz2 + 1)X − xyzY.
Then a vector W = µU + λ1P + λ2X + λ3Y + λ4Q ∈
g(x,y,z,w) is a geodesic vector if and only if (2) holds. We
set Z = P,X, Y and Q in (2), and we find that (2) is
equivalent to the following system of equations,
kλ4 = 0,
(λ4z − λ3) (µ− λ1x− λ2xy − λ3xz − λ4w) = kλ2,
(λ2 − λ4y) (µ− λ1x− λ2xy − λ3xz − λ4w) = kλ3,
(µ− λ1x− λ4w)(λ3y − λ2z)
+(λ22 − λ23)xyz + λ2λ3x(z2 − y2) = kλ1.
For k 6= 0 we have Wm = 0. For k = 0, the fourth
equation follows from the second and the third, and we
have that either µ = λ1x+λ2xy+λ3xz+λ4w or λ2 = λ4y
and λ3 = λ4z. Then the geodesic vectors have one of the
following forms,
W =
(
λ1x+ λ2xy + λ3xz + λ4w
)
U
+ λ1P + λ2X + λ3Y + λ4Q,
W = µU + λ1P + λ4
(
yX + zY +Q
)
.
Subcase i2. If y = z = w = 0, the holonomy algebra h
is trivial and the reductive decomposition associated to
S(x,0,0,0) is gx = {0} + m = 〈 {P,X, Y,Q} 〉, with non-
vanishing brackets
[P,X] = xY, [P, Y ] = −xX, [X,Y ] = P,
[X,Q] = −Y, [Y,Q] = X.
Then W = λ1P + λ2X + λ3Y + λ4Q ∈ gx is geodesic if
and only if 
kλ1 = kλ4 = 0,
λ1λ3x = kλ2,
λ1λ2x = −kλ3.
that is, W ∈ gx is of one of the forms
W = λ2X + λ3Y + λ4Q, W = λ1P + λ4Q.
Case ii (q, c ∈ R, q 6= 12 ). The holonomy algebra is
h = 〈{U}〉, where U = (q − 12 )−1R˜QY , and the reductive
decomposition associated to S(q,c) is g(q,c) = h + m =
〈 {U,P,X, Y,Q} 〉, with not always null brackets
[U, Y ] = P, [U,Q] = −Y, [X,Y ] =
(
q +
1
2
)
P,
[X,Q] = −
(
q +
1
2
)
Y, [Y,Q] = −
(
q − 1
2
)
U − cP +X.
Then W = µU + λ1P + λ2X + λ3Y + λ4Q ∈ g(q,c) is
geodesic if and only if it satisfies (2), that is,
kλ2 = kλ4 = 0,
λ4
[
µ+ λ2
(
q − 12
)
+ λ4c
]
= kλ3,
λ3
[
µ+ λ2
(
q − 12
)
+ λ4c
]
= −kλ1.
For k 6= 0 we only have W = 0, and for k = 0 we get
that W ∈ g(q,c) is a geodesic vector if and only if it has
one of the forms
W = µU + λ1P + λ2X,
W =
((1
2
− q
)
λ2 − cλ4
)
U + λ1P + λ2X + λ3Y + λ4Q.
Case iii (b, c ∈ R). The holonomy algebra h is 0
and the reductive decomposition associated to S(b,c) is
g(b,c) = {0} + m = 〈 {P,X, Y,Q} 〉, with non-null brack-
ets
[X,Y ] = P, [X,Q] = −bP − Y, [Y,Q] = −cP +X.
Then W = λ1P + λ2X + λ3Y + λ4Q ∈ g(b,c) is geodesic
if and only if it satisfies (2), that is,
kλ4 = 0,
bλ24 = kλ2,
cλ24 = kλ3,
λ4 (bλ2 + cλ3) = −kλ1.
For k 6= 0 these equations give W = 0. For k = 0,
if (b, c) 6= (0, 0) then λ4 = 0 and all geodesic vectors
W ∈ g(b,c) are of the form W = λ1P + λ2X + λ3Y , and
in the remaining case (b, c) = (0, 0), all vectors W ∈ g(0,0)
are geodesic.
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Case iv (h, t, b ∈ R, t 6= 0). The holonomy algebra h
is generated by U = R˜QX , as also R˜QY = −(h/t)U . The
reductive decomposition associated to S(h,t,b) is g(h,t,b) =
h+m = 〈 {U,P,X, Y,Q} 〉, with not always null brackets
[U,X] = −tP, [U, Y ] = hP, [U,Q] = tX − hY,
[X,Y ] =
(
1− h
2 + t2
t
)
P,
[X,Q] = −U − bP − hX −
(
1− h
2
t
)
Y,
[Y,Q] =
h
t
U +
hb
t
P − (t− 1)X + hY.
Then W = µU + λ1P + λ2X + λ3Y + λ4Q ∈ g(h,t,b) is a
geodesic vector if and only if
kλ4 = 0,
λ4 [(λ3 − µ) t+ λ2h+ λ4b] = kλ2,
(λ4h/t) [(λ3 − µ) t+ λ2h+ λ4b] = −kλ3,
(λ2 − λ3h/t) ((λ3 − µ) t+ λ2h+ λ4b) = −kλ1.
For k 6= 0 we only have W = 0. For k = 0, we have
the solution λ4 = 0 and λ2t = λ3h, and the solution
µ = t−1(λ2h+λ3t+λ4b), then the geodesic vectors W ∈
g(h,t,b) have one of the following forms:
W = µU + λ1P + (λ3h/t)X + λ3Y,
W =
1
t
(λ2h+ λ3t+ λ4b)U + λ1P + λ2X + λ3Y + λ4Q.
Case v (a, b, c ∈ R, a 6= 12 ). The holonomy algebra h
is trivial and the reductive decomposition associated to
S(a,b,c) is g(a,b,c) = {0} + m = 〈 {P,X, Y,Q} 〉, with not
always null brackets
[X,Y ] = P, [X,Q] = −bP −
(
a+
1
2
)
Y,
[Y,Q] = −cP +
(
a+
1
2
)
X,
and W = λ1P +λ2X+λ3Y +λ4Q ∈ g(a,b,c) is a geodesic
vector if and only if it satisfies (2), that is
kλ4 = 0,
λ4
[
λ3
(
a− 12
)
+ λ4b
]
= kλ2,
λ4
[
λ2
(
1
2 − a
)
+ λ4c
]
= kλ3,
λ4 (λ2b+ λ3c) = −kλ1.
For k 6= 0 we have W = 0. For k = 0, one solution
is given by λ4 = 0, and another solution is given by
λ2 = λ4(a− 1/2)−1c and λ3 = −λ4(a− 1/2)−1b, with λ1
arbitrary. Then the geodesic vectors W ∈ g(a,b,c) have
one of the following forms,
W = λ1P + λ2X + λ3Y,
W = λ1P + λ4
(
a− 1
2
)−1
(cX − bY ) + λ4Q.
Case vi (a ∈ R, a 6= 12 ). The holonomy algebra h is
generated by U and V where R˜QX = (a
2 − 1/4)U and
R˜QY = (a
2 − 1/4)V . We now consider two subcases.
Subcase vi1. If a 6= − 12 , the holonomy algebra h =〈 {U, V } 〉 is two-dimensional and Abelian, and the re-
ductive decomposition associated to Sa is ga = h + m =
〈 {U, V, P,X, Y,Q} 〉, with not always null brackets
[U,X] = P, [U,Q] = −X, [V, Y ] = P, [V,Q] = −Y,
[X,Y ] = 2aP, [X,Q] = −
(
a2 − 1
4
)
U − 2aY,
[Y,Q] = −
(
a2 − 1
4
)
V + 2aX.
(Note that if a = 0, it is S = 0 and the reduc-
tive decomposition corresponds to the presentation of
(Os, g0) as a Lorentzian symmetric space). A vector
W = µU + νV + λ1P + λ2X + λ3Y + λ4Q ∈ ga is a
geodesic vector if and only equation (2) is satisfied, that
is, 
kλ4 = 0,
µλ4 = kλ2,
νλ4 = kλ3,
µλ2 + νλ3 = −kλ1.
For k 6= 0 we have Wm = 0. For k = 0, we have one
solution given by µ = ν = 0 and another solution given
by λ4 = 0 and µλ2 + νλ3 = 0. Then the geodesic vectors
W ∈ ga are of one of the following forms,
W = µU + νV + λ1P + λ2X + λ3Y, (µλ2 + νλ3 = 0),
W = λ1P + λ2X + λ3Y + λ4Q.
Subcase vi2 (a = − 12 ). In this case, R˜ = 0 and h
is trivial, and the reductive decomposition associated to
S−1/2 is g−1/2 = {0}+m = 〈 {P,X, Y,Q} 〉, with non-null
brackets
[X,Y ] = −P, [X,Q] = Y, [Y,Q] = −X.
and we have that W = λ1P +λ2X +λ3Y +λ4Q ∈ g−1/2
is a geodesic vector if and only if kλi = 0 for all i ∈
{1, 2, 3, 4}. Then, all non-zero vectors W ∈ g−1/2 are
geodesic vectors.
Theorem III.2. For each homogeneous Lorentzian
structure S(a,b) on (Os, gε), −1 < ε < 1, ε 6= 0, given
in Theorem II.5, the geodesic vectors through the origin
o ∈ Os = G/H, G ⊆ I0(Os, gε), with the reductive de-
composition g(a,b) = h + m associated to S, are of the
form
W = λ1P + λ4Q, (6)
W = ε−1λ4
(
b− 1
2
)
P + λ2X + λ3Y + λ4Q,
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if a = −ε/2, and
W = µU + λ1P + λ4Q,
W =
(
a+
ε
2
)−1(
λ1
(
a− ε
2
)
+ λ4
(
b− 1
2
))
U (7)
+ λ1P + λ2X + λ3Y + λ4Q,
if a 6= −ε/2. Furthermore, all the geodesics are canoni-
cally homogeneous only for (a, b) = (ε/2, 1/2).
Proof. The holonomy algebra h of ∇˜(a,b) = ∇− S(a,b) is
generated by the curvature operator U = R˜XY of ∇˜(a,b),
given by U(X) = −(a + ε/2)Y , U(Y ) = (a + ε/2)X,
U(P ) = U(Q) = 0 (cf. Ref.15, §5). We must consider two
cases, depending on whether the holonomy algebra h is
trivial or not.
Case a = −ε/2. We have h = 0 and the reductive
decomposition associated to S(−ε/2,b) is g(−ε/2,b) = {0}+
m = 〈 {P,X, Y,Q} 〉, with not always null brackets given
by (cf. Ref.15, §5)
[X,Y ] = P, [X,Q] = −
(
b+
1
2
)
Y, [Y,Q] =
(
b+
1
2
)
X.
A vector W = λ1P + λ2X + λ3Y + λ4Q ∈ g(−ε/2,b) is
a geodesic vector if and only if (2) holds, and this is
equivalent to the following system:
k(ελ1 + λ4) = 0,
λ3
[−ελ1 + λ4 (b− 12)] = kλ2,
λ2
[
ελ1 − λ4
(
b− 12
)]
= kλ3,
k(ελ4 + λ1) = 0.
For k 6= 0, we only have W = 0. For k = 0, one
solution is given by λ2 = λ3 = 0 and another solution is
given by ελ1 = λ4 (b− 1/2). Then the geodesic vectors
W ∈ g(−ε/2,b) have one of the forms in (6).
Case a 6= −ε/2. The holonomy algebra h of ∇˜(a,b) is
generated by U = R˜XY and the reductive decomposition
associated to S(a,b), a 6= − ε2 , is given by g(a,b) = h+m =〈 {U,P,X, Y,Q} 〉, with not always null brackets given by
(4) (cf. Ref.15, §5)
[U,X] = −
(ε
2
+ a
)
Y, [U, Y ] =
(ε
2
+ a
)
X,
[P,X] =
(ε
2
+ a
)
Y, [P, Y ] = −
(ε
2
+ a
)
X,
[X,Y ] = U + P, [X,Q] = −
(
b+
1
2
)
Y,
[Y,Q] =
(
b+
1
2
)
X.
Then W = µU + λ1P + λ2X + λ3Y + λ4Q ∈ g(a,b) is a
geodesic vector if and only if it satisfies (2), that is,
k(ελ1 + λ4) = 0,
λ3 [−µ (a+ ε/2) + λ1 (a− ε/2) + λ4 (b− 1/2)] = kλ2,
λ2 [µ (a+ ε/2)− λ1 (a− ε/2)− λ4 (b− 1/2)] = kλ3,
k(ελ4 + λ1) = 0.
For k 6= 0 we only have Wm = 0. For k = 0, we have the
solution given by λ2 = λ3 = 0 and the solution given by
µ(a+ε/2) = λ1(a−ε/2)+λ4(b−1/2). Then the geodesic
vectors W ∈ g(a,b) have one of the forms in (7).
As a direct consequence of Theorems III.1 and III.2,
we have the next result.
Theorem III.3. The oscillator group Os is a Lorentzian
g.o. space (hence a n.g.o. space) if it is considered
with each of the homogeneous presentations and reduc-
tive decompositions corresponding to the homogeneous
Lorentzian structures given by:
(a) The metric g0 and any of the following homo-
geneous Lorentzian structures, included in some of the
cases described in Theorem II.4,
(i) S(x,y,z,w), for x 6= 0, y, z, w not all 0,
(ii) S(q,c), for q 6= 1
2
,
(iii) S(0,0),
(iv) S(h,t,b), for t 6= 0,
(vi) Sa, for a 6= 1
2
.
(Note that the case (v) does not appear).
(b) Any of the metrics gε, ε 6= 0, and any homogeneous
Lorentzian structure S(a,b), such that a 6= −ε/2, described
in Theorem II.5.
All the Lorentzian Lie groups (Os, gε), −1 < ε < 1,
are g.o. manifolds.
Remark III.4. We recall that an important invari-
ant of a supergravity background is the amount of pre-
served supersymmetry νc, usually expressed as a frac-
tion of the maximal number of supersymmetries. The
authors of Ref.11 (see also Ref.12), based on the fact
that the maximally supersymmetric backgrounds are all
symmetric spaces hence homogeneous, posed themselves
the question of the existence of a critical value νc which
forces the background to be (at least locally) homoge-
neous, and study it in the context of an M-theory back-
ground (M11, g, F ), that is, bosonic solutions of the equa-
tions of motion of eleven-dimensional supergravity. They
proved that for νc > 3/4, i.e., for backgrounds admit-
ting more than 24 supersymmetries, the Killing super-
algebra acts locally transitively. The oscillator group,
when endowed with suitable metrics and appropriate ho-
mogeneous Lorentzian structures, that is, those given in
Theorem III.3, is thus a candidate to construct solutions
(Os = G/H, gε) ×M7, −1 < ε < 1, in 11-dimensional
supergravity, with at least 24 of the available 32 super-
symmetries.
Proposition III.5. The oscillator group (Os, g0) (resp.
(Os, gε), −1 < ε < 1, ε 6= 0) admits homogeneous pre-
sentations defined by homogeneous Lorentzian structures
belonging to the types specified in Table II.
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g0 S Type of structure
i S(x,y,z,w), x 6=0, S2 ⊕ S3
ii S(q,c), q 6=12
S2 ⊕ S3
S2 if q = −1
iii S(b,c)
S2 ⊕ S3
S3 if (b, c) = (0, 0)
iv S(h,t,b), t 6=0
S2 ⊕ S3
S2 if h2 = t
(
3
2
− t)
v S(a,b,c), a6=12
S2 ⊕ S3
S2 if a = −1
vi Sa, a6=12
S3
{0} if a = 0
gε S Type of structure
S(a,b)
S2 ⊕ S3
S2 if (a, b) = (−ε,−1)
S3 if (a, b) = (ε/2, 1/2)
TABLE II. Geometric types of structures on (Os, g0) and on
(Os, gε), −1 < ε < 1, ε 6= 0.
Proof. In the case (Os, g0) we have (omitting any
SX1X3X2 if SX1X2X3 already appears) that the not always
null components of the structures given in Theorem II.4
are
(S(x,y,z,w))PXY = x, (S(x,y,z,w))QXY = w +
1
2
,
(S(x,y,z,w))XXY = (S(x,y,z,w))PY Q = xy,
(S(x,y,z,w))Y Y X = (S(x,y,z,w))PXQ = −xz,
(S(x,y,z,w))XXQ = −(S(x,y,z,w))Y Y Q = −xyz,
(S(x,y,z,w))XYQ = xy
2 +
1
2
,
(S(x,y,z,w))Y XQ = −xz2 −
1
2
,
(S(x,y,z,w))QQX = zw, (S(x,y,z,w))QQY = −yw,
(S(q,c))QXY = −(S(q,c))Y XQ =
1
2
,
(S(q,c))XYQ = q, (S(q,c))QQY = −c,
(S(b,c))QXY = (S(b,c))Y QX = (S(b,c))XYQ =
1
2
,
(S(b,c))QXQ = b, (S(b,c))QYQ = c,
(S(h,t,b))QXY =
1
2
, (S(h,t,b))XXQ = −(S(h,t,b))Y Y Q = h,
(S(h,t,b))Y XQ = t−
1
2
, (S(h,t,b))QQX = −b,
(S(h,t,b))XYQ =
1
2
− h
2
t
, (S(h,t,b))QYQ = −
hb
t
,
(S(a,b,c))QXY = a, (S(a,b,c))QXQ = b,
(S(a,b,c))XYQ = −(S(a,b,c))Y XQ =
1
2
, (S(a,b,c))QYQ = c,
(Sa)QXY = (Sa)Y QX = (Sa)XYQ = a.
For each homogeneous Lorentzian structure S on (Os, g0)
we have according to Eq. (5), that
c12(S)(Z) = SPQZ + SQPZ + SXXZ + SY Y Z ,
and hence all these structures are of type S2⊕S3. More-
over, SX1X2X3SX1X2X3 = 0 for each X1, X2, X3 ∈ os
when S = S(q,c) with q = −1, or S = S(h,t,b) if
h2 = t(3/2− t), or S = S(a,b,c) with a = −1, and then S
is of type S2 in these cases. On the other hand, S(b,c) is
of type S3 if (b, c) = (0, 0). The structures Sa are of type
S3, and if a = 0 the type is {0}.
As for (Os, gε), ε 6= 0, by Theorem II.5 we have
(S(a,b))Y PX = −(S(a,b))XPY =
ε
2
, (S(a,b))PXY = a,
(S(a,b))Y XQ = −(S(a,b))XYQ = −
1
2
, (S(a,b))QXY = b.
In this case, we have
c12(S)(Z) = − 1√
2− 2εSP−Q,P−Q,Z + SXXZ + SY Y Z
+
1√
2 + 2ε
SP+Q,P+Q,Z = 0,
for all the homogeneous Lorentzian structures on
(Os, gε), and then each S(a,b) is of type S2⊕S3; moreover,
S(a,b) is of type S2 if (a, b) = (−ε,−1) and it is of type
S3 if (a, b) = (ε/2, 1/2).
From Theorem III.3 and Proposition III.5 we have
Corollary III.6. The oscillator groups (Os, gε), −1 <
ε < 1, admit homogeneous presentations as Lorentzian
g.o. spaces defined by homogeneous Lorentzian structures,
all of them belonging to the geometric type S2⊕S3. More-
over, some of such structures are of type S2 (specifically,
S(−1,c) in case ii; S(h,t,b) with h2 = t(3/2− t) in case iv,
if ε = 0; and S(−ε,−1) if ε 6= 0), and some others are of
type S3 (specifically, S(0,0) in case iii; Sa, a 6= ± 12 , in
case vi, if ε = 0; and S(ε/2,1/2) if ε 6= 0).
Remark III.7. We recall the results in Ref.12, §§3.4
and Ref.22, Lem. 3 and Prop. 4, where it is proved that:
(i) a reductive homogeneous Lorentzian space admitting
a homogeneous Lorentzian structure of type S1 ⊕ S3
is a n.g.o. space and every null-geodesic is canonically
homogeneous; (ii) a Lorentzian n.g.o. space for which
every null-geodesic is canonically homogeneous admits
a homogeneous Lorentzian structure of type S1 ⊕ S3.
So, as pointed out by Meessen22 (p. 212), homogeneous
Lorentzian spaces admitting a homogeneous Lorentzian
structure of type S1 ⊕ S3 play the same roˆle in the
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Lorentzian n.g.o. spaces as that played by naturally re-
ductive spaces in the class of Lorentzian g.o. spaces (cf.
Ref.16, Ch. X, §3). Theorems III.1 and III.2 above thus
tell us that:
(a) Any geodesic in (Os, g0) is canonically homoge-
neous whenever the space is considered with the homo-
geneous description defined by any of the structures
Sλ = λ
(
ξ⊗ (α∧ β)− β ⊗ (α∧ ξ) +α⊗ (β ∧ ξ)), λ ∈ R,
which are of type S3 (for λ = 0 the type is {0}, that is,
the space is Lorentzian symmetric).
(b) Any geodesic in (Os, gε) is canonically homoge-
neous whenever the space is considered with the homo-
geneous description defined by the structure
S( ε2 ,
1
2 )
=
1
2
(
εβ ⊗ (η ∧ α)− εα⊗ (η ∧ β)− β ⊗ (α ∧ ξ)
+ α⊗ (β ∧ ξ) + (εη + ξ)⊗ (α ∧ β)),
which is of type S3.
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